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ABSTRACT











, for g  starlike in D  and 10 ≤≤ α . It is shown that such functions form 
a subset of the close-to-convex functions. Sharp bounds for the coefficients are given and the 
Fekete-Szegö problem is solved.
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ABSTRAK












, untuk g  bak bintang dalam D  dan 10 ≤≤ α . Dapat ditunjukkan bahawa 
fungsi tersebut merupakan subset bagi suatu set fungsi hampir cembung. Batas-batas terbaik 
bagi pekali diberikan dan masalah Fekete-Szegö diselesaikan. 
Kata kunci: fungsi univalen; fungsi bak bintang; fungsi hampir cembung; pekali; Fekete-Szegö
1. Introduction












Denote by S ∗  the subset of functions, starlike with respect to the origin and by K  the 
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Hence K SS ∗ ⊂ ⊂ .
For 0 1α≤ ≤ , the subset ( )B α of Bazilevič functions (1955) has been widely studied and 
is defined for { }: 1z D z z∈ = <  by 
( )
( ) ( )1
Re 0
zf z
f z g zα α−
 ′  > 
    
for some g S ∗∈ .
In the original paper of Bazilevič (1995), it was shown that ( )B Sα ⊂ . Taking ( )g z z≡  
gives the class 1 ( )B α , which has been extensively studied e.g. Singh (1973), Thomas (1985) and 
Thomas (1991). We note that B1(0) is the well-known class R  of functions whose derivative 
has positive real part in D.







 ′  > 
  
We choose a different route as follows.
2. Main Result
Definition 1. For 0 1α≤ ≤ , denote by K α , the set of functions f  analytic in { }: 1z D z z∈ = <  







 ′  > 
  





g z z α
 ′  > 
  
Theorem 1. Let .f Kα∈  Then f K∈  and so is univalent for { }: 1z D z z∈ = < .
Proof: Let ( )( ) ( )G z z g z z α= . Then it is easily seen that * (1 )G S α∈ −  for 0 1α< ≤ , where 
( )1S α∗ −  is the class of functions starlike of order 1 α− . Thus K Kα ⊂  and so functions in 
Ka are univalent. □
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  as .n →∞
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where h P∈ , the class of functions whose derivative has positive real part in D. Then 
( ) ( ) ( )
g z




′ =   
   
( )
1 1
1 1 .k kk k
k k




= + +  
  
∑ ∑        (3)












=∑  where ( )0 0 1.B cα = =  









− + −   
≤ =   
     
and so using the well-known inequality 2nc ≤  for h P∈  and comparing the coefficients in 
(2) and (3), the result follows. □








  as .n →∞
Theorem 1 gives the inequalities 2 1a α≤ +  and ( )23 1 2 5 23a α α≤ + + , which we will use in 
the following theorem.
We now solve the Fekete-Szegö problem for functions in Kα , noting that when 1α =  we 
obtain the classical result of Keogh and Merkes (1969).
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1 2(2 )(1 2 ) (1 ) ,
3 3(1 )
2 4 2 2(1 ) ,
3 3 9 3(1 ) 3
2 2 2(2 ) ,
3 3 3(1 )







αα α µ α µ
α





αµ α α α µ
α
 + + − + ≤ +

+ − + ≤ ≤ +− ≤ 
+ + ≤ ≤
 +

+ + − + + ≥
 +
All inequalities are sharp.
Proof: We first recall the Fekete-Szegö inequality for starlike functions (see Keogh and Merkes 
(1969), for example), which states that for g  starlike in D ,
2
3 2b bµ− ≤  Max ( )1, 3 4 ,µ−
where µ  is any real number and where, 2b  and 3b  are coefficients of the starlike function g. 
Equating coefficients in (3), gives
( )( ) ( )2 2 23 2 3 2 2 1 2 11 32 1 3 2 33 12 6 3 4a a b b b c c c
α α α µ
µ α αµ µ  − = − − + + − + − 
   
    





       
22
2 1 1
1 1 1 2 3 .
3 2 12
c c cµ+ − + −         (4)












µ≤ ≤  then 3 2 1 1αµ α− − ≥  and so using the well-known bound 222 1 1
1 12
2 2
c c c− ≤ −
 
for h P∈ , (4) gives 
( ) ( )2 223 2 1 1 1
1 1 13 2 1 2 3 2 2 3 .
3 3 3 2 12
a a c c cα αµ αµ α µ µ − ≤ − − + − + − + − 
   
Since 3 2 1 0αµ α− − ≤ , when 20
3
µ≤ ≤ , we have
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( ) ( ) ( )2 223 2 1 1 1
1 1 11 2 3 2 3 2 2 3
3 3 3 2 12
a a c c cα αµ α αµ µ µ − ≤ + − + − + − + − 
 
( ) ( ) 21 1
21 2 3 2 3
3 3 3 4
c cα α µα αµ µ= + − + − + −
 
( )x= Φ  say,





= −  and 























= − , 2 2 2c b= =  and 3 3b = .
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3 1 3 12 1 ,
2 3 1 2
a a a a a
µ α µ αα
µ
α α α
   + +
− = − + −     +   
and using the bound ( )( )3
1 2 1 2
3
a α α≤ + +  obtained from Theorem 1, we have
( )( ) ( )223 2
1 2 1 2 1 .
3
a aµ α α µ α− ≤ + + − +
Equality is attained when 3 3b = , 2 1 2 2b c c= = = .











Since Max{ }1, 3 2 1 1αµ α− − =  on this interval,
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( ) ( )22 23 2 1 1 1
2 1 1 13 2 2 3 2
3 3 2 12
a a c c cαµ α µ µ − ≤ + − + − + − 
 
( ) ( )2 22 1 1 13 2 2 3 2
3 3 2 12
x x xαα µ µ = + − + − + − 
   
( )x= Ψ  say,
























 We finally note that ( )0
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complete. Equality is attained when 1 2 0c b= = , 2 2c =  and 3 1b = .
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− ≤ − + −  + +   
( )







≤ + − +  +   
( ) ( )( )2 11 2 1 2
3
µ α α α= + − + + ,
where we have used the bound 2 1a α≤ +  obtained from Theorem 1. Choosing 2 2b i= − , 
3 3b = − , 1 2c i=  and 2 2c = −  shows that the inequality is sharp. □
We next define a related class Cα . 
Definition 2. For 0 1α≤ ≤ , denote by Cα , the set of function f  analytic in { }: 1z D z z∈ = <  





z g z αα−
 ′′  > 
  







g z z α
′ ′  > 
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and so f Cα∈  if and only if, zf Kα′∈ .
Using the same methods as in the case of Kα  it is easily established that C Cα ∗⊂ , the 
set of quasi-convex functions first studied by Noor and Thomas (1980), and since C K∗ ⊂ , 
functions in Cα  are also close-to-convex and hence univalent.
We note that since f Cα∈  if and only if, zf Kα′∈ , the coefficients of functions in Cα
satisfy ( )n nn a γ α≤  for 2n ≥ .
Similar techniques as those employed in Theorem 3 gives the following Fekete-Szegö 
theorem, the proof of which we omit.
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αµ α α α µ
α
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 +

+ + − + + ≥
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All inequalities are sharp.
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